Abstract. In the present article, we describe specific elements in a motivic cohomology group H 1 M SpecQ(ζ l ), Z(2) of cyclotomic fields, which generate a subgroup of finite index for an odd prime (1) is identified with the group of units in the ring of integers in Q(ζ l ) and cyclotomic units generate a subgroup of finite index, these elements play similar roles in the motivic cohomology group.
Introduction
When K = Q(ζ m ) is a cyclotomic field, Dirichlet's Unit Theorem implies that the group O × K of units in the ring of integers in K is a finitely generated abelian group of rank φ(m)/2 − 1. This is proved by using Dirichlet's regulator map O × K onto a full lattice in a hyperplane in the vector space R φ(m) ( [7] ). In [5] , a chain complex for motivic cohomology of a regular local ring R, by Goodwillie and Lichtenbaum, is defined to be the chain complex associated to the simplicial abelian group d → K 0 (R∆ d , G 
Motivic Regulator Map for H
For A ∈ GL n (C[T ]), let P A (λ) be the characteristic polynomial associated with A. It is a polynomial in λ of degree n with coefficients in C[T ]. Let x be a point in C and O x be the local ring of germs of analytic functions at x. Identifying T with the identity function C → C embeds C[T ] into O x . Then for commuting matrices A, B ∈ GL n (C[T ]), let x ∈ C be such that P A (λ) = (λ−a 1 (T ))(λ−a 2 (T )) · · · (λ−a n (T )) and
for some a 1 (T ), . . . , a n (T ) and b 1 (T ), . . . , b n (T ) ∈ O x . Then there exists S ∈ GL n (O x ) such that S −1 AS and S −1 BS are upper triangular matrices in GL n (O x ),i.e., A, B are simultaneously triangularizable in GL n (O x ) ( [8] or [9] ).
Let (λ 1 (T ), λ 2 (T ), . . . , λ n (T )) and (µ 1 (T ), µ 2 (T ), . . . , µ n (T )) be the ordered n-tuples of diagonal entries of S −1 AS and S −1 BS Then, the set of pairs {(λ 1 , µ 1 ), (λ 2 , µ 2 ), . . . , (λ n , µ n )} of elements of O x is determined only by A, B and x ∈ C and is independent of the choice of S. connected open subset U of C − (S A ∪ S B ). Using the analytic continuation, we have the set {(λ i,1 , µ i,1 ), . . . , (λ i,n , µ i,n )} of pairs of analytic functions on U which are locally pairs. At each x ∈ U , there is S ∈ GL n (O(V )) for some open neighborhood V ⊆ U of x such that S −1 AS and S −1 BS are both upper triangular matrices in GL n (O(V )). Here, O(V ) denotes the ring of analytic functions on V . For each subin-
} be the set of pairs of elements in O(U ) which are locally ordered n-tuples of diagonal entries of S −1 AS and S −1 BS. Then λ i,l and µ i,l are smooth maps from (t i−1 , t i ) into C − {0} and may be thought of as paths into C − {0}.
For paths γ and σ in C − {0}. Let D(γ 1 , γ 2 ) be the real number defined by
For two commuting matrices A, B ∈ GL n (C[T ]), we define
Then the integral which defines each term D(λ i,l , µ i,l ) is convergent and thus D gives a map from the set of pairs of commuting matrices in
For notational convenience, we write
where, for each t, 
A proof of the following theorem was given in [8] .
Theorem 4.1. With the same notation as above, for two commuting
. We also have the following fundamental properties of our D-map ( [8] or [9] ): In [9] , the following technical lemma was introduced to construct explicit elements in the motivic cohomology group H 1 M SpecK, Z(2) . Let K be a subfield of C.
Lemma 5.1. Let a 1 , a 2 , . . . , a n and b 1 , b 2 , . . . , b n be elements in C not equal to either 0 or 1. Suppose also that a 1 a 2 · · · a
If all the elementary symmetric functions evaluated at a 1 , a 2 , . . . , a n and b 1 , b 2 , . . . , b n are in K, then there is a matrix A(T ) in GL n (K[T ]) such that I − A(T ) is also invertible and the eigenvalues of A(0) and A (1) are a 1 , a 2 , . . . , a n and b 1 , b 2 , . . . , b n , respectively.
We use this construction to define a map θ : B(K) → H 1 M SpecK, Z(2) , which will be used to compare the Bloch's dilogarithmic map to our motivic regulator map.
The group B(K) of a field K is defined as the kernel of the homomorphism
where A(K) is a free abelian group generated by the symbols [a] with
by the subgroup generated by a ⊗ (−a) with a ∈ K × and where
, which we denote again by θ 1 by abuse of notation.
In [9] , it was shown that there exists a map θ :
as a lifting of θ 1 and we have the following commutative diagram.
.
Compatibility With Bloch-Wigner Function
Bloch-Wigner function D 2 : C → R may be defined as below ( [2] or [6] ). When |z − (ii) For any z ∈ C, we have
(iii) (Duplication Formula (c.f. [4] )) For any z ∈ C, we have
Then the most important lemma which shows the connection between our D-map and the Bloch-Wigner function is as follows ( [9])
where D is as in Section 4. b n and a 1 , a 2 , . . . , a n in C, respectively. Then
Proof. In the construction of θ, the matrix A(a, T ) was such that
by the Duplication Formula of D 2 . Hence,
Higher Cyclotomic Units
Let ζ m be a primitive m-th root of unity where m is an odd positive integer. and let K = Q(ζ m ) be a cyclotomic field.
. Then we have the following lemma ( [9] ).
Lemma 7.1. ∂Z D contains elements of the following forms and for any element of these forms, we may find an explicit z ∈ Z D whose image under ∂ is equal to the element.
Proof. (i) Let A(T ) be the 2n × 2n matrix
For (ii), note that Bloch-Wigner function vanishes on the real line and that a square root of a positive real number is a real number. Apply Lemma 5.1 to
But, by the theory of rational canonical form, ∂z is equal to
By taking the boundary of the element
which is in Z D by the fundamental property (iv) of the D-map in Section 4, we see that 
